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ABSTRACT
Linear algebra expressions appear in fields as diverse as computational biology, signal processing, communication technology, finite
element methods, and control theory. Libraries such as BLAS and
LAPACK provide highly optimized building blocks for just about
any linear algebra computation; thus, a linear algebra expression
can be evaluated efficiently by breaking it down into those building
blocks. However, this is a challenging problem, requiring knowledge in high-performance computing, compilers, and numerical
linear algebra. In this paper we give an overview of existing solutions, and introduce Linnea, a compiler that solves this problem. As
shown through a set of test cases, Linnea’s results are comparable
with those obtained by human experts.
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PROBLEM AND MOTIVATION

Even simple linear algebra expressions such as x := AB −1c can
be evaluated in multiple ways, which we refer to as algorithms.
Those algorithms, while all equivalent in exact arithmetic, can
differ greatly in terms of performance and numerical accuracy. For
more complex expressions that occur in practice [5], as for example

 −1
x := A−T BT BA−1 + RT [Λ(Rz)]R
A−T BT BA−1y,
the number of possible algorithms grows exponentially in the size
of the expression.
When presented with the task of evaluating linear algebra expressions, a range of options exist. At one end of the spectrum,
high-level programming languages such as Matlab, Julia, R, and
Mathematica, allow users to code almost with the same notation as
the mathematical problem, thus producing working code in matter
of minutes, with little or no knowledge of numerical linear algebra.
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At the other end, libraries such as BLAS [6] and LAPACK [3] offer
highly optimized kernels for basic linear algebra operations; it is
however the user’s responsibility to map a linear algebra expression to an efficient sequence of kernel invocations. This task is a
lengthy, error-prone process that requires a deep understanding of
both numerical linear algebra and high-performance computing.
In between, there are expression template libraries such as Eigen
[8], Blaze [9], and Armadillo [11], which provide a domain-specific
language integrated within C++, offering increased productivity
combined with some performance optimizations. While both highlevel languages and libraries increase the accessibility, they do not
aggressively optimize for performance.
We present Linnea, a prototype compiler that translates linear
algebra expressions to a sequence of BLAS and LAPACK kernel
invocations. With Linnea, we aim to combine the advantages of
existing approaches: The simplicity, and thus, productivity, of a
high-level language, paired with performance that comes close
to what a human expert achieves. Initial results indicate that the
algorithms generated by Linnea outperform existing high-level
languages by a factor of up to six.
Related Work. Three compilers specifically target matrix expressions: CLAK [7], LGEN [13], and BTO [12]. CLAK maps expressions
on kernels by relying on pattern matching and prescribed priorities
to limit the search space; LGen focuses on operations with small
operands, a regime in which most libraries do not achieve highperformance, and directly generates C code; BTO instead targets
bandwidth bound operations, such as matrix-vector products, and
also generates C code.
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LINNEA

Linnea takes as input linear algebra expressions, annotated with
properties, and maps them onto sequences of kernels as offered by
libraries. To this end, Linnea utilizes modules that encode knowledge from linear algebra, numerical linear algebra, as well as highperformance computing; thanks to these modules, Linnea rewrites
and simplifies expressions in different ways, reasons about matrix
properties, considers the matrix chain problem, and takes advantage
of common subexpressions.
As shown in Fig. 1, algorithms are generated by constructing a
graph, similar to graph search approaches commonly used in the
field of artificial intelligence [10]. The nodes of the graph contain
the expressions that have yet to be computed. The source node
contains the input expressions to Linnea. Edges are annotated with
the operation(s) necessary to transition from one expression to the
next.
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z := (X T M −1X )−1X T M −1y

#

L 1 := chol(M )
−1 −1 T −T −1
z := (X T L−T
1 L1 X ) X L1 L1 y

T1 := L 1−1 X
T2 := L 1−T T1

T1 := L−1
1 X
z := (T1T T1 )−1T1T L−1
1 y

T3 := X T T2
−1
z := T3−1X T L−T
1 L1 y

sC/R

Example

sC/N

time

1 b := (X T X )−1X T y
1.73 2.71
37
2 b := (X T M −1X )−1X T M −1y 2.57 6.17
430
3 W := A−1 BCD −T EF
2.58 5.15
9
4 X := AB −1C; Y := DB −1AT
1.30 2.31
17
5 x := W (AT (AW AT )−1b − c) 3.70 4.73
537
Table 1: Example problems with speedups over Julia and
compilation time (in milliseconds) of Linnea.

At the core of the algorithm generation is an engine for the symbolic manipulation of expressions and inference of properties. This
engine is built on top of MatchPy [1], a Python module which offers
efficient associative-commutative many-to-one pattern matching,
similar to the pattern matching in Mathematica [2]. Pattern matching is used to identify the kernels that can be applied. Thanks to
the linear algebra knowledge encoded in this engine, a number of
optimizations are possible: As a trivial example, irrespective of how
it is computed, the product of two lower triangular matrices yields
another lower triangular matrix. This makes it possible to select
kernels that take advantage of matrix properties. Furthermore, expressions are transformed between different representations, for
example a sum of products (e.g., AB +AC) and a product of sums (e.g.,
A(B +C)). Expressions are also symbolically simplified. For example,
Q T Q is replaced with the identity matrix if Q is orthogonal, thus
saving unnecessary computations.
The instruction selection is a central part of the derivation. One
of the most important objectives during this step is to avoid the explicit inversion of matrices. This is done by applying factorizations
to matrices whenever they appear within an inverse. Matrices are
only ever inverted explicitly if not avoidable, as for example for the
assignment X := A−1 . To reduce the size of the search space, Linnea
adopts specialized algorithms that take advantage of the structure
of (sub-)expressions. For example, the matrix chain algorithm [4]
can be used to determine the optimal parenthesization of a product
of matrices to minimize the number of floating point operations
(FLOPs). Linnea also incorporates an algorithm to detect common
subexpressions of arbitrary length that takes into account identities such as B −1A−1 = (AB)−1 and BT AT = (AB)T . As a result,
even terms such as A−1 B and BT A−T are identified as a common
subexpression. Finally, pattern matching enables Linnea to easily
detect opportunities where non-trivial transformations can be applied. As an example, X := AT A + AT B + BT A can be rewritten as
Y := B + A/2; X := AT Y + Y T A, a simplification that reduces the
number of scalar operations.
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RESULTS

We compare algorithms generated by Linnea to the default expression evaluation of Julia. The measurements were performed on
an Intel Core i5 with 2,7 GHz. Algorithms were generated with
Python 3.6 and executed in Julia 0.5. For each example problem,
we use three different implementations: naive, recommended, and
compiler. The naive implementation is the direct translation of

normalized execution time

Figure 1: Computation of z := (X T M −1X )−1X T M −1y: a subset
of the derivation graph. The full graph has about 100 nodes.
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Figure 2: Normalized execution times of the examples.
the mathematical problem to Julia. This means that A−1 B is implemented as inv(A)*B. Since the documentation discourages this
use of inv, recommended uses the operator for the solution of linear systems (A\B) instead. compiler is the algorithm generated by
Linnea that performs the fewest FLOPs. The example problems
shown in Tab. 1 are a combination of real application problems and
synthetic problems.1 Fig. 2 shows the normalized execution times.
In all cases, our algorithms outperform both Julia implementations.
The speedups of compiler over recommended are between 1.3 and
3.7 (sC/R in Tab. 1), and between 2.3 and 6.2 over naive (sC/N ).
The time it takes Linnea to find the algorithm is in most cases much
smaller than half a second. Thus, it is our future goal to integrate it
in an interactive environment.
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