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The problem - biology

Mixed models: b= (XTM*X)_1 XTM 1y

Genome-wide association analysis

@ y: phenotype
(outcome; vector of observations)
E.g.: height, blood pressure for a set of people

@ X:genome measurements and covariates
(design matrix; predictors)
E.g.: sex and age over height

@ M: dependencies between observations
E.g.: tall parents have tall children

@ b: relation between a variation in the outcome (y)
and a variation in the genome sequence (X)
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The problem - linear algebra

b= (XTM1X) " XTM~y

Linear regression
Inputs
@ M cR™" SPD(M), ne€ll0%,... 104
@ X cR™P pecll,...,20]
@ yeR"”
Output
@ beRP

*10 be repeated thousands of timesx

Paolo Bientinesi (AICES, RWTH Aachen) Automation in Computational Biology September 14, 2011 4/26



Mixed Models

Shape visualization
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What this is talk is NOT about

Repartition
{LU —A Apr | Arg Aoo]Ao1|Ao2
’ T VT Aio|Ai11|A12
A,L7U c Rnxn7 N Az0]A21|A22
LowerTriUni(L), Ao1 = Lgy Ao
. R —1
UpperTri(U)} A1o = A10Ugp

where A1 is0 x 0

. At | ATR )
Partition A
= (ABL ABR

While size(Arr) < size(A) do

Ay = LU(A1; — A19Ap1)

ntin
C:t u: Aoo|Ao1]Ao2
(&Iﬂ)H Aol A | Az
AprlAsr Azp|Az1]| A2z

endwhile
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(LU = A,
AL, U € Rr>™,

" At | ATRr )
Partition A
= (ABL ABR

where A1 is0 x 0
While size(Arr) < siz

do

Ao1|Ao2
A11]|Ai2

Az21|A22

LowerTriUni(L),
UpperTri(U)}

Continue

endwhile

P
(ATLlATR)H ATE
ApL|ABR Zao

Az1]A22
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© Objective
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b= (X"M'X) " XTM Yy

Matlab: inv( X? # inv( M ) * X ) * X’ * inv( M ) * y

How to compute b?

@ High-performance
@ Multithreading
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b= (X"M"'X) " XTM Yy

Matlab: inv( X? # inv( M ) * X ) * X’ * inv( M ) * y

How to compute b?
@ High-performance
@ Multithreading

@ Available: BLAS, LAPACK
o Definitely not BLAS
o No direct call to LAPACK,
but closely related routines are available
E.g., DGELS computes (X7 X) ™ X7y
@ Objective:
Expressing b in terms of BLAS and LAPACK calls
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Example: a couple of algorithms

b= (XT M X) T XT My

Algorithm 1
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Example: a couple of algorithms

b= (XTM T X) T XT My

Algorithm 1
o M — M1
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Example: a couple of algorithms

b=(XTMX)  XTMy

Algorithm 1
o M — M1
Q wur, — XT M
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Example: a couple of algorithms

b= (aux; X) ' auz; y

Algorithm 1
o M — M1
Q aur, — XT M

Q auzy — auxr; X
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Example: a couple of algorithms

b= (auxz) “auz; y

Algorithm 1

Q M — M1

Q aur, — XT M
Q auzy «— aur; X

Q auzy — auzy’
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Example: a couple of algorithms

b= auxs auxy y

Algorithm 1

Q M — M1

Q wur, — XT M
Q auzy «— aux; X
Q auzy — auzy’

Q b—oauxiy

September 14, 2011 9/26

Paolo Bientinesi (AICES, RWTH Aachen) Automation in Computational Biology



Example: a couple of algorithms

b=auxsy

Algorithm 1

Q M — M1

Q wur, — XT M
Q auzy «— aux; X
Q auzy — auzy’
Q b auxi y

Q b—auxsd
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b= (XT M X) T XT My

Algorithm 1

Q M — M1

Q wur, — XT M
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Example: a couple of algorithms

b= (XTM ' X)  XT My

Algorithm 1 Algorithm 2
QM—M" QLL"T=M
Q wur, — XT M

Q auzy — auxr; X

Q auzy — auzy’
Q b auxi y

Q b—auxsd
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Example: a couple of algorithms

b= (X7 (LLT)! x) 7 X7 (LLT) !y

Algorithm 1 Algorithm 2
QM—M" QLL"T=M
Q wur, — XT M

Q auzy — auxr; X

Q auzy — auzy’
Q b auxi y

Q b—auxsd
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Example: a couple of algorithms

b=(XTL T X) T XT LT Ly

Algorithm 1 Algorithm 2
QM—M" QLL"T=M
Q wur, — XT M

Q auzy — auxr; X

Q auzy — auzy’
Q b auxi y

Q b—auxsd
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Example: a couple of algorithms

b= (XTLTLX) XTI Ly

Algorithm 1 Algorithm 2
Q M — M Q@ LLT =M
Q wur, — XT M Q@ X — L 'Xx

Q auzy — auxr; X
Q auzy — auzy’
@ b—aury

Q b—auxsd
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Example: a couple of algorithms

b= (X" X) ' XTL 'y

Algorithm 1 Algorithm 2
QM—M" QLL"T=M
Q wur, — XT M Q@ X — L 'Xx
Q auzy «— aux; X Qy—Lly
Q auzy — auzy’

Q b auxi y

Q b—auxyb
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Example: a couple of algorithms

b=(XT X)Xy

Algorithm 1 Algorithm 2

QM —M1! Q@ LLT=M

Q wur, — XT M Q@ X — L 'Xx

Q auxy — aur; X Qy—Lly

Q auxy «— auzy’ © b =DGELS(X,y)
Q b auxi y

Q b—auxyb
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© Automation: Crick
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CLick (ver. 1.0)
@ Symbolic system for linear algebra equations

@ Written in Mathematica (D. Fabregat)
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CLick (ver. 1.0)

@ Symbolic system for linear algebra equations
@ Written in Mathematica (D. Fabregat)

@ Pattern matching & rewrite rules

@ Constructive: no exhaustive search

@ Knowledge: 1) encoded + 2) derived
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CLick (ver. 1.0)
@ Symbolic system for linear algebra equations

@ Written in Mathematica (D. Fabregat)

@ Pattern matching & rewrite rules

@ Constructive: no exhaustive search

@ Knowledge: 1) encoded + 2) derived

@ Input: equation and operands’ description

@ Output: algorithms and code

@ (Not a theorem prover)
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CL1CK: input

precond = {

{X, {“Input’’, ‘“Matrix’’, ‘FullRank’’} }

{y, {*“Input’’, ‘“Vector” } }

{M, {““Input”’, ‘“Matrix’’, ¢‘SPD”’, ‘‘Lower’’ } }
{b, {“Output’’, ‘Vector’” } }

};
sizeAssump = { row[X] > col[X] };

postcond = {
equal [b,
times [
inv[ times[ trans[X], inv[M], X 1 1,
trans[X],
inv[M],
y ]
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CL1CK: output algorithms (selected)

b=(XT M X) XT My
Algorithm 1

L1L1" =m

tmp3 = xTL1 "

tmp8 == L1t y

tmpl4 = inv|tmp3 tmp3®| tmp3 tmp8
b == tmpl4
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CL1CK: output algorithms (selected)

b=(XT M X) XT My

Algorithm 1

Q@ LL"T=M
L1L1% =m e XT - XTLiT
tmp3 = xTL1 "
=il
tmp8 = L1t y e Y= L Y
tmpl4 = inv|tmp3 tmp3®| tmp3 tmp8 Q= DGELS(X, y)
b == tmpl4
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CL1CK: output algorithms (selected)

b=(XT M X) XT My
Algorithm 2

L1L1" =m

tmp3 = xTL1 "

08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6
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CL1CK: output algorithms (selected)

b=(X"M ' X) xTM 1y

Algorithm 2
Q@ LILT=M
L1L1T =m
tmp3 = xTL1 "
08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b = tmpl6
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CL1CK: output algorithms (selected)

b= (XTL T X) T XT LT Ly

Algorithm 2
Q@ LILT=M
L1L1T =m
tmp3 = xTL1 "
08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b = tmpl6
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CL1CK: output algorithms (selected)

b= (XTLTL ' X) XTL Ty

Algorithm 2
Q@ LILT=M
L1L1% =m Q X7 XT[T
tmp3 = xTL1 "
08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b = tmpl6
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CL1CK: output algorithms (selected)

b= (XTX) ' XT Ly

Algorithm 2
Q@ LILT=M
L1L1% =m Q X7 XT[T
tmp3 = xTL1 "
08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b = tmpl6
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CL1CK: output algorithms (selected)

b= (XTX) ' xT L'y

Algorithm 2

Q@ LL"T=M
L1L1% =m Q X7 XT[T
tmp3 = xT L1 " o OR=X

08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6
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CL1CK: output algorithms (selected)

b=(R"Q"QR)  R' Q" L'y

Algorithm 2

Q@ LL"T=M
L1L1% =m Q X7 XT[T
tmp3 = xT L1 " o OR=X

08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6
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CL1CK: output algorithms (selected)

b=(R"R) R' Q"L 'y

Algorithm 2

Q@ LL"T=M
L1L1% =m Q X7 XT[T
tmp3 = xT L1 " o OR=X

08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6
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CL1CK: output algorithms (selected)

b= R*l R*T RT QT L71 y

Algorithm 2

Q@ LL"T=M
L1L1% =m Q X7 XT[T
tmp3 = xT L1 " o OR=X

08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6
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CL1CK: output algorithms (selected)

Algorithm 2

L1L1" =m

tmp3 = xTL1 "

08 R8 == tmp3”
tmpl0 == il " y
tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6

b= Rfl QT L71 y

Q@ LLT=M
Q XT — XTL-T
Q QrR=X
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CL1CK: output algorithms (selected)

b= Rfl QT Lfl y

Algorithm 2

Q@ LILT=M
L1L1% =m Q X7 XT[T
tmp3 = xTL1 " -
08 R8 = tmp3" Q Qr= ;X;
tmpl0 == il " y o Y= L Y

tmpl1 == 08" tmp10
tmpl6 = R8 ™} tmpll
b == tmpl6

Paolo Bientinesi (AICES, RWTH Aachen) Automation in Computational Biology September 14, 2011



CL1CK: output algorithms (selected)

b=R'QTy

Algorithm 2

Q@ LLT=M
L1L1% =m Q X7 XT[T
tmp3 ::xTLl: o OR=X
Q08 R8 == tmp3
tmpl0 == il " y o Y= Lily
tmp11 = 08" tmp10 Q@ b—QTy
tmpl6 = R8 ™} tmpll
b = tmpl6
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CL1CK: output algorithms (selected)

b=R 'y

Algorithm 2

Q@ LILT=M
101" =m Q@ XT —XTL T
tmp3 = xT L1 "

R=X

08 R8 == tmp3” o @ 1
tmpl0 =11 'y o y< Ly
tmpll == 08" tmpl0 e b QTy
tmpl6 = R8 " tmpll Qb—R

b == tmpl6
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CL1CK: output algorithms (selected)

b=(XT M X) XT My
Algorithm 8

721wl z1" =m
tmp4 == xT Z1
tmp9 == tmp4 W1! Q zwzt =M
tmpl3 == tmp9 tmp4T
020 R20 == tmpl3
tmp24 == 71" y

tmp30 == tmp9 tmp24
tmp36 = 020 ' tmp30
tmp38 = R20* tmp36
b == tmp38
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CL1CK: output algorithms (selected)

b= (XT (2WZ") X) T XT (Zzw2ZT) 'y
Algorithm 8

721wl z1" =m
tmp4 == xT Z1
tmp9 == tmp4 W1! Q zwzt =M
tmpl3 == tmp9 tmp4T
020 R20 == tmpl3
tmp24 == 71" y

tmp30 == tmp9 tmp24
tmp36 = 020 ' tmp30
tmp38 = R20* tmp36
b == tmp38
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CL1CK: output algorithms (selected)

b= (XTZW L ZTX) T XT ZW 27y
Algorithm 8

721wl z1" =m
tmp4 == xT Z1
tmp9 == tmp4 W1!

o
tmpl3 == tmp9 tmp4T g C
020 R20 == tmpl3 Q
tmp24 == 71" y

tmp30 == tmp9 tmp24 o
tmp36 = 020 ' tmp30

tmp38 = R20* tmp36

b == tmp38
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1) Knowledge encoded
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1) Knowledge encoded

@ Operand types: scalars, vectors, matrices
Size: (1|m) x (1|n)
Properties: full rank, orthogonal, symmetric, triangular,
SPD, diagonal, identity, ...
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1) Knowledge encoded

@ Operand types: scalars, vectors, matrices
Size: (1|m) x (1|n)

Properties: full rank, orthogonal, symmetric, triangular,
SPD, diagonal, identity, ...

@ Linear Algebra operators: +, -, x, *, !

Linear Algebra properties: precedence, associativity,
commutativity, distributivity of transposition and inversion. . .
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1) Knowledge encoded

@ Operand types: scalars, vectors, matrices
Size: (1|m) x (1|n)

Properties: full rank, orthogonal, symmetric, triangular,
SPD, diagonal, identity, ...

@ Linear Algebra operators: +, -, x, *, !

Linear Algebra properties: precedence, associativity,
commutativity, distributivity of transposition and inversion. . .

@ BLAS’ and LAPACK'’s interface
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1) Knowledge encoded

@ Operand types: scalars, vectors, matrices
Size: (1|m) x (1|n)
Properties: full rank, orthogonal, symmetric, triangular,
SPD, diagonal, identity, . ..

@ Linear Algebra operators: +, -, x, *, !

Linear Algebra properties: precedence, associativity,
commutativity, distributivity of transposition and inversion. . .

@ BLAS’ and LAPACK'’s interface

@ Guidelines:
@ inversion — factorization to triangular/diagonal matrices
@ avoid redundant computations
common expression substitution
o expression decomposed into basic tasks (BLAS/LAPACK)
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2) Knowledge derived
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2) Knowledge derived

@ Inputs/outputs
X, M are inputs, b is output
= (XTM~1X)"'isknown, Xbis unknown
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2) Knowledge derived

@ Inputs/outputs
X, M are inputs, b is output
= (XTM~1X)"'isknown, Xbis unknown

@ Operand type and size
XeR™P, MeRY™ = XT'M-'XcRr*r

15/26
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2) Knowledge derived

@ Inputs/outputs
X, M are inputs, b is output
= (XTM~1X)"'isknown, Xbis unknown

@ Operand type and size
XeR™P, MeRY™ = XT'M-'XcRr*r

@ Properties
e Lis lower tri., D is diagonal, U is upper tri.
= LD 'U~T is lower triangular

e X is full rank, SPD(M)
= SPD(XTM™'X)
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2) Knowledge derived

@ Inputs/outputs
X, M are inputs, b is output
= (XTM~1X)"!is known, Xbis unknown

@ Operand type and size
XeRYP, M c R = XTM-1XecRr*P

@ Properties

e Lis lower tri., D is diagonal, U is upper tri.
= LD 'U~T is lower triangular

e X is full rank, SPD(M)
= SPD(XTM™'X)

@ Arithmetic
(RTQTQR)—IRTQT = R—lQT
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Experiments
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e The problem, again
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The problem: the real setup

Compute B € RPXmxt
by = (XTM;X,) " XTM; Yy,

M e R ™, with n € [103,...,10%]
X € R"*p, withp € [1,...,20]

and
i=1...m, with m ~ 10% — 107
j=1...t, where ¢ is either 1 or ~ 10°

= Terabytes of data!

Also, Mj = h]¢ + (1 — hj)I
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2D sequence of problems

=RITR] TRITRE] - TRITER
—RITR -

TRITR]




Naive approach: for i, for j,

=T _
by = (X] M X:) ™ XMy,

for i=1:m
for j=1:1
LLT = M;
XT — XI'L=7
QR=X
y— L 'y;
b—QTy
bij — R
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Tracking the dependencies

LL" =M; = L;LT =M,

X' xTL;T = X[—X[L;T

for i=1:m
for j=1:1
LjLJT:Mj
X5 —XTL; T
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Loop Transposition

LI =M; = L;LT =M,

X' xTL;T = XL—X[L;T

for j=1:1
f ) =1:t¢
°r J T for 1 = m
LiLj = M; L;LT = M;
T Tr—T
Xij = &L e i E T
Q;iRi;i =X
”{_12_1 “ Qi Rij = X5
v s 9 Yj < Lj_lya
b’Lj S Qz;y] T
b, — QF.
bi; — R RSATES
19 ij v bz] o Ri_jlbw
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LL" =M; = L;LT =M,

XT—xTL;7T =

for i=1:m
for j=1:1
LjLJT:Mj
X5 —XTL; T

T T7r-—T
Xij — X; Lj
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LL" =M; = L;LT =M,

X' xTL;T = X[—X[L;T

for 1=1:m for j=1:1
for j=1:1 LijT:Mj
L;L} = M; v < Ly 'y;
X5 —XTL; T for i=1:m
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CLick wver. 2.0

precond = {
{X, {*“Input”, “Matrix’’, “FullRank’’}, {i} %
{y, {“Input’’, “Vector” }, {j} 2
{Phi, {“Input’, “Matrix’’, “Symmetric’’, “Lower”’}, {} }
{h, {“Input’’, “‘Scalar” }, {i} %
{b, {*“Output’’, ‘Vector” }, {i,j}}
};
addProperties = {
plus[times[h,Phi], times[plus[1,minus[h]], Id],
{ <SPD” } };

@ Dependencies tracking
@ Loop transposition

@ Reordering
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e Algorithms and results
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Algorithms and code

Algorithm 2

L111" =m
tmp3 = xT L1 "

08 R8 == tmp3”
tmpl0 = L1}y
tmpll::QSTtmplo
tmpl6 == R8 ' tmpll
b == tmpl6

function [b] = FGLS 2 _1(x, y, m, sn, sp, nms, Dnxs)
b = zeros(sp, nxs x nms);
for i = l:nxs
x_ i X(:, spx(i-1)+1 : sp=*i);
for = l:nms
=y(z, 3);
=m(:, snx(j-1)+1 : snxj);
= chol( m_j, 'lower' );
=xi' / Ll';
=Ll \ y_3;
R16] = qr( T_1' );
= Ql6' x T _2;
= R16 \ T_3;
i+ (j-1)xnxs) = T_4;

[ = N N A
N N L N
o

ocHH—HA-SNK

end
end
end
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Algorithms and code

function [b] = FGLS_ 2 _2(x, y, m, sn, sp, nms, Dnxs)
b = zeros(sp, nxs x nms);
for j = l:nms
" y_3 =vy(:, 3)i
Algorithm 2 m_j = m(:, sn*(j-1)+1 : snxj);
Ll = chol( m_j, 'lower' );
. T 2 = L1 \ y_3j;
L1Ll =m for i = l:nxs
tmp3 = xT 1,177 x i = x(:, sp*x(i-1)+1 : spxi);
r T 1 =x_1i"'" / L1';
Ol = (EiR [016, R16] = qr( T_1' );
tmpl0 =~ L1y T 3 = 016' x T_2;
T 4 = R16 \ T_3;
tmp11 = 08 tmp10 b(:, i + (j-1)+nxs) = T_4;
tmpl6 = R8 * tmpll &l
end
b == tmpl6 Gl
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Algorithms and code

Algorithm 18

71 W1 21" = phi

z12z1" = id
tmp2 = - (hid) +1id+hWl
tmp7 = xT Z1

D3 D3” == tmp2

tmp22 == tmp7 D3 "
tmp31 == tmp22 tmpZZT
L6 L6 = tmp31l

tmp70 == 21" y

tmp98 == p37! tmp70
tmpl22 == tmp22 tmp98
tmpl48 = L6 ' tmpl22
tmpl65 = L6~ tmpl48
b = tmpl65
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Algorithms and code

Algorithm 18

71 W1 21" = phi

z12z1" = id

tmp2 == - (hid) + 1id+hWwWl
tmp7 = xT Z1

D3 D3” == tmp2

tmp22 == tmp7 D3 "

tmp31 == tmp22 tmpZZT

L6L6" = tmp31

tmp70 == 21" y

tmp98 == D3 ' tmp70
tmpl22 == tmp22 tmp98

tmpl48 = L6 ' tmpl22
tmpl65 = L6~ tmpl48
b = tmpl65

Paolo Bientinesi (AICES, RWTH Aachen)

M =h;®+(1—hy)I

ZIWZT =, 77T =1

=

M= = (h;ZWZT + (1 - h;)Z2Z7T)~
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Algorithms and code

Algorithm 18

71 W1 21" = phi

z12z1" = id
tmp2 == - (hid) +1id+hWl
tmp7 = xT Z1

D3 D3” == tmp2
tmp22 == tmp7 D3 "
tmp31::tmp22tmp22T
L6L6" = tmp31

tmp70 == 21" y
tmp98::D3’1tmp70
tmpl22 == tmp22 tmp98
tmpl48 = L6 ' tmpl22
tmpl65 = L6~ tmpl48
b = tmpl65

function [b] = FGLS_18_2(x, y, phi, h, sn, sp, nxs, nys)
b = zeros(sp, nxs * nys);

[21, W1] eig( phi );
for j = 1l:nys
j = y(:, 3)i

y-J

h_j = h(J);

T 1 =- (h_j » eye(sn)) + 1 « eye(sn) + h_j  Wl;
D3 = diag( sqgrt( diag( T_1 ) ) );
T 5 =21' « y_J;

T_6 = D3 \ T_5;

for i = 1l:nxs

i = x(:, spx(i-1)+1 : spxi);
= x_i' % 21;

T 2 / D3';

= T3 %« T 3';

= chol( T_4, 'lower' );

=T 3 = T_6;

L6 \ T 7;

= L6' \ T_8;

i+ (j-1)xnxs) = T_9;

|
“ 0 B W N R
1l 1l

oHHEHABEAA3X
o |
|

end
end
end
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C + LAPACK/BLAS

n=5000 p=4 m = 3000

600 T T T T
—=— Eigendecomposition
° Cholesky
500 | @ QR b
400 i
300 | i

seconds

200

100

0 50 100 150 200 250
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@ Conclusions & future work
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Conclusions & future work

@ Automated system: algorithm & code generator
@ Knowledge: encoded and inferred
@ n-fold speedups
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Conclusions & future work

@ Automated system: algorithm & code generator
@ Knowledge: encoded and inferred
@ n-fold speedups

@ Cost Analysis stability analysis
@ Mixed models: out-of-core; sparsity
@ CLicK: extension to tensors, derivatives
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